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ABSTRACT Multiple-input multiple-output (MIMO) technology utilizes multiple antennas at the
transmitter and receiver to enhance data transmission speeds and reliability. Traditional MIMO decoding
methods, however, can become increasingly complex as the number of antennas and modulation order
rises. Quantum computing brings forth a new realm of information processing with significant potential.
This study investigates the applicability of quantum algorithms for decoding information in MIMO wireless
communication systems. Specifically, the Diirr-Hgyer quantum search, based on Grover’s algorithm, and
optimal quantum sorting algorithms are leveraged to reduce the query complexity with an analysis
of the complexity and achievable bit error rate performance of the quantum-assisted decoders. The
study considers cases of MIMO diversity, spatial modulation, and multiplexing transmission using both
maximum-likelihood and fixed-complexity sphere decoders. By examining a variety of communication
scenarios, this work aims to assess the applicability of quantum algorithms across different operational
regimes and aids in extending the methodology to other communication systems.

INDEX TERMS Diirr-Hgyer (DH) algorithm, fixed-complexity sphere decoder (FCSD), Grover’s algo-
rithm, maximum-likelihood (ML) decoder, multiple-input multiple-output (MIMO) communication,

quantum algorithm, quantum computing, wireless communication.

I. INTRODUCTION

N THE rapidly advancing domain of wireless communica-

tions, multiple-input multiple-output (MIMO) technology
plays a pivotal role in supporting the upcoming demands
of 6G networks [1], [2], [3]. MIMO systems significantly
enhance transmission speeds and reliability by employing
multiple antennas at both the transmitter (Tx) and receiver
(Rx) ends [4]. Moreover, they can be utilized in different
forms depending on the desired quality-of-service. For
example, adding redundancy by transmitting the same signal
across all Tx antennas has the benefit of increased reliability
and range, referred to as spatial diversity scheme [4], [5].
When higher data rates are desired, the spatial multiplexing
scheme is employed to transmit independent data streams
across each Tx antenna, which is more prone to channel
interference than the diversity scheme [4], [6]. Another
possible variant is the spatial modulation scheme, where

the Tx antenna selection is used to encode part of the
input data besides the transmitted modulated signal. Limiting
the concurrent usage of Tx antennas reduces the required
radio frequency (RF) chain/hardware while achieving a
performance between the diversity and multiplexing schemes
[71, [8].

In general, the holy grail of communication systems is
to attain a reliable, error-free, and high-rate data transfer.
For that, signal detection is essential. With the inevitable
existence of non-ideal channel conditions, the maximum-
likelihood (ML) decoder achieves the optimal uncoded
performance [9]. Although being the optimal decoder, ML
is impractical in many use cases as it incurs an immense
decoding complexity. A practical alternative is the fixed-
complexity sphere decoder (FCSD), which allows tuning the
decoding complexity depending on the target performance.
Despite the algorithmic and technological advancements,
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decoding signals in MIMO systems remains a significant
challenge due to the high complexity demands, particularly
as the number of Tx antennas and modulation orders
increases. The demand to push the boundaries of current
capabilities prompts the need for groundbreaking technolo-
gies, such as machine learning and quantum computing
[10], [11].

The main idea behind quantum computing is to make
use of systems exhibiting quantum mechanical properties for
information processing. Although a universal fault-tolerant
quantum computer has yet to be realized, it is essential to
fully understand its capabilities and potential to prepare for
its eventual arrival. Researchers have actively worked on
developing quantum algorithms that can outperform their
classical counterparts. Recently, it has been established that
quantum computing provides an unparalleled computational
advantage for certain algorithmic problems, such as solving
large systems of linear equations and optimization tasks
[12], [13]. A significant application of quantum computers
is breaking encryption schemes that depend on large num-
bers factorization by using Shor’s quantum algorithm [14].
Wireless communication has also benefited from this new
computing paradigm, with quantum algorithms simulated on
classical computers proving feasible for a range of problems,
including signal detection, error-correction, resource alloca-
tion, channel estimation, and indoor localization [15], [16],
[17], [18]. In a practical setting, a quantum computer would
need to be located in a central processing unit, such as in
the cloud, due to its high cost and significant size, weight,
and power requirements.

The computational speedup of quantum computers has
attracted researchers to explore its application to signal
detection within wireless communications [19], [20], [21],
[22], [23], [24]. Quantum search algorithms (QSAs) offer
significant reductions in query complexity compared to
classical methods. In [19], variants of the Diirr-Hgyer (DH)
and Boyer-Brassard-Hgyer-Tapp (BBHT) QSAs were applied
to a MIMO orthogonal frequency division multiplexing
system, demonstrating notable improvements in detection
performance compared to traditional QSAs. Reduced com-
plexity and enhanced performance are showcased by [20],
which utilized a quantum version of the repeated weighted
boosting search algorithm for channel estimation and multi-
user signal detection in a MIMO system. The applicability
of QSA-assisted particle swarm optimization for non-
orthogonal multiple access systems is analyzed in [21],
highlighting its potential in optimizing resource allocation
and user signal detection. Furthermore, [22] studied the
performance of a multi-carrier interleave-division multiple-
access system, showcasing significant performance gains.
Application of the DH QSA for a multi-user MIMO system
is presented in [23] and [24], where the potential for reduced
complexity is demonstrated. The discussed literature work
only employed QSAs for the ML decoder. More practical
decoders, like FCSD, have yet to be investigated. Moreover,
focusing on specific systems limits the potential to generalize

how well QSAs can perform across different systems and
operational regimes.

Given that quantum computing has proven beneficial in
specific ML signal detection problems, a critical question
arises: when are quantum algorithms applicable for signal
decoding in wireless communication? This study aims
to answer the question by employing the most effective
quantum algorithms for database searching and sorting. For
that, three system models (i.e., diversity, spatial modulation,
and multiplexing) are considered with two decoders (i.e.,
ML and FCSD), answering the raised question with respect
to the achieved complexity and performance. In summary,
the contributions of this paper are as follows:

1) A comprehensive analysis of the ML and FCSD
algorithms’ working principles, complexity, and
performance was provided for a MIMO system with
diversity, spatial modulation, and multiplexing trans-
mission schemes. Notably, novel FCSD algorithms
were introduced specifically for the diversity and
spatial modulation schemes.

2) Mathematically derived the number of real
multiplications (RM), real additions (RA), and query
complexities, providing a comprehensive and fair set
of complexity measures for the investigated decoders
and transmission schemes.

3) Examined the operational principles, constraints, and
performance capabilities of relevant quantum algo-
rithms, determining their exact probability of success
and complexity as a function of the database size, using
Monte Carlo simulations to estimate these metrics.

4) Bridged the gap between quantum computing capa-
bilities and the practical needs of signal decoding
in wireless communication systems by evaluating
the potential for applying quantum algorithms across
diverse wireless communication systems, taking into
account their unique algorithmic requirements and
search space scales.

5) Analyzed the performance of the quantum-assisted ML
decoder across the three transmission schemes, with
spatial modulation introduced as a novel consideration.

6) For the first time, integrated quantum algorithms
with the FCSD algorithm across diversity, spatial
modulation, and multiplexing schemes.

7) Conducted a thorough analysis of the considered
systems, rigorously testing various settings to highlight
the limitations of quantum algorithms, including the
use of Monte Carlo simulations to model system
behavior under uncertainty.

The ultimate goal of this work is to evaluate the potential
of quantum computing in advancing the efficiency and
reliability of signal detection in next-generation wireless
communications.

The paper is structured to first delve into the fundamen-
tals of the considered MIMO communication systems in
Section II, followed by an overview of the ML and FCSD



classical decoding methods and their usage in Section III.
Then, Section IV gives an introduction to the principles
of quantum mechanics relevant to quantum computing.
The working principle and capability of relevant quantum
algorithms are discussed in Section V. After that, Section VI
presents the performance of the quantum-assisted decoders,
assessing the implications of utilizing quantum algorithms
for signal detection in MIMO systems. Finally, Section VII
concludes the deduced concepts and generalizations from the
obtained performance.

Notation: Vectors and matrices are denoted by boldfaced
lowercase and uppercase letters, respectively. The space of
a x b complex matrices is denoted by C¢*”. The transpose
and complex conjugate transpose operations are denoted by
()T and ()7, respectively. The cardinality of a set and the
Euclidean norm of a vector are represented by | - | and
|| - |, respectively. |-] and [-] denote the floor and ceiling
functions, respectively. The imaginary unit is represented by
i = /—1. Finally, ® denotes the tensor product.

Il. SYSTEM MODEL

In this section, the investigated MIMO system and its
operational scenarios are described. With N; Tx antennas,
the different operational schemes vary based on the nature
of the transmitted signal
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where x € CN<! and xj is the symbol transmitted from the
j™ antenna. For the diversity scheme, the same symbol is
transmitted by all antennas. The redundancy aids in combat-
ing the non-ideal channel conditions [4], [S]. On the other
hand, unique symbols are transmitted in the multiplexing
scheme, enhancing the system data rate [4], [6]. In spatial
modulation, a single Tx antenna is activated, reducing the
need for additional RF chains hardware [7], [25]. Fig. 1
depicts the three considered transmission schemes. After
transmission, the signal is affected by fading and additive
white Gaussian noise (AWGN). For N, Rx antennas, the
received signal, y € CV*!, is given by

Spatial Diversity,
x={lo -

[x 1 X Spatial Multiplexing,

y=Hx+n, 2)

where H € CNV~*M is the channel matrix representing the
Rayleigh fading and n € C¥*! is the AWGN vector whose

elements have zero-mean and variance o2.

lll. CLASSICAL DECODERS

When the signal is received, decoders are employed
to retrieve the transmitted signal, x. The channel state
information is assumed to be perfectly known at the Rx.
This section introduces the theoretically optimal ML decoder
and the more practical FCSD algorithm, elaborating on their
decoding methodology and algorithmic complexity.
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FIGURE 1. lllustrations of the (a) diversity, (b) spatial modulation,
and (c) multiplexing communication schemes.

A. MAXIMUM-LIKELIHOOD (ML) DECODER

The ML decoder is the most powerful decoding technique
for retrieving an uncoded transmitted signal. It operates by
comparing the received signal to all possible transmitted
signals, P, and selecting the one that is most likely to have
been transmitted. For a modulation order M, the cardinality
of the possible transmission space depends on the utilized
scheme

M Diversity,
MN; Spatial Modulation, 3)
MM Multiplexing.
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The decoding process involves calculating the likelihood
of each candidate signal and choosing the one that maximizes
this likelihood. The decoded symbols are given by

vy = argmin ||y — Hx]|%. “)
xeP

Since the entirety of the transmission space, P, is considered,
the ML algorithm is the optimal decoder in the sense
that it minimizes the probability of error [9]. However,
ML decoding is impractical for some use cases due to its
immense complexity requirement. Instead, complexity-aware
decoders, such as the FCSD, are utilized.

B. FIXED-COMPLEXITY SPHERE DECODER (FCSD)

The FCSD is considered a practical alternative to the ML
decoder. The rationale behind the FCSD algorithm is to
limit the search space, thereby reducing the computational
complexity. The considered subspace can be visualized as a
circle centered at the received signal, y, with a radius of p,
giving the decoded symbols as [26]

Xsp = argmin |y — Hx|[> st [ly —Hx|> < p?  (5)

xeP
where p acts as a threshold. Fixing the threshold, p, results
in a variable complexity. On the other hand, allowing it to
be varied enables a fixed-complexity operation [27].

In practice, a tree structure is utilized to limit the
search space in the FCSD algorithm, which is a graphical
representation of (4). For the diversity and spatial mod-
ulation schemes, where the symbols do not interfere, the
tree resembles a matrix. In this scenario, each tree level
(i.e., row) represents the signal received by a specific Rx
antenna, while the tree branches (i.e., columns) correspond
to different transmission scenarios. Specifically, the i tree
level represents the received signal from the i Rx antenna.



FIGURE 2. Considered tree search algorithms for the diversity (M = 4) and spatial
modulation (M = N; = 2) schemes: (a) RB with R = 4, (b) CB with C = 2, (c) CRB with
[C, R] = [2, 4], and (d) RCB with [R, C] = [2, 2].

On the other hand, the k™ tree branch indicates that the k!

and [(k — 1) mod M + 11" symbols were transmitted for the
diversity and spatial modulation schemes, respectively [28].
The error associated with a specific tree node (i.e., matrix

element) is

(6)

2
eik = |yi — hixr]”.

To determine the most likely transmission scenario, the
accumulated error for each branch is calculated by summing
the errors of its constituent tree nodes. Exploring all the tree
nodes results in the ML solution. To reduce the complexity of
the ML decoder, a two-stage searching strategy is employed
to discard some tree nodes. First, a subset of the nodes is used
to evaluate the best (i.e., smallest error in (6)) C branches,
which are then expanded. Subsequently, the optimal branch
is determined by calculating the accumulated error up to the
decision node at the end of these expanded branches.

Fig. 2 illustrates the search algorithms utilized for the
diversity and spatial modulation schemes, which ignore some
tree levels, branches, or a combination of both. The utilized
algorithms are: R-best (RB), which considers R rows; C-best
(CB), which fully expands the best C branches using only
the first row; CR-best (CRB), which expands the best C
branches up to the R™ row using only the first row; and
RC-best (RCB), which fully expands the best C branches
using the first R rows. For instance, when R = C = 2
for the RCB algorithm in Fig. 2 (d), the accumulated error
up to the second tree level determines which two branches
will be expanded. The decoded symbol expressions for the
aforementioned algorithms are

R

XRB = argmin Z|yn — hnxlz, (7
XEP n=1

Xcp = argmin ||y — Hx|%, (8)
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FIGURE 3. Multiplexing tree search with M=2for (a) K=1and (b) K=2. Aside
from the first level, MK nodes are probed in each level.

where y, € C'*! is the nM element of y, h, € C'*M is the
n™ row of H, and S is the limited search space for a given
algorithm.

In the multiplexing scheme, unique symbols are simul-
taneously transmitted, resulting in co-channel interference.
Thus, a different tree structure is utilized. First, the QR
decomposition of H is obtained, which gives H = QR,
where Q € CM*M is a unitary matrix (Q" = Q~!) and
R € CN*Nt is an upper-triangular matrix. Multiplying the
left-hand side of (5) by QT results in the detected symbols
being

2
21 T riN, [ X
_ ) 2 0 m ron, || *2
XKB = argmin . - . . . . . s
xeSKB : : : : :
N, 0 0 NN, d Lxn,
(11)

where z and r are elements of the vector z = QTy and matrix
R, respectively, and Skp is the search subspace lying in
the sphere with radius p. In the multiplexing scheme tree,
which is depicted in Fig. 3, symbols are recursively detected
starting from the last Tx antenna (i.e., xy,) [29]. Each node is
expanded into M possible nodes for the subsequent symbol,
resulting in M™ nodes at the end of the tree. When all
the nodes are explored, this results in the ML solution. In
practice, the K-best (KB) decoder is used, which expands
only the K nodes with the smallest errors at each level. For
example, considering M = K = 2 as in Fig. 3, a maximum
of MK = 4 nodes are kept in every level.

C. COMPLEXITY MEASURES

Beyond assessing the error performance achievable by a
decoder, it is crucial to consider the involved complexity
cost. To comprehensively evaluate a decoder, the following
complexity measures are employed:

o Computational complexity, which quantifies the RM
and RA required to execute a specific algorithm.

o Query complexity, Q, which measures the number
of times a black-box algorithm is utilized [30]. This
depends on information extraction rather than compu-
tational effort and is relevant to algorithms that gain



TABLE 1. The computational complexity of the ML decoder for different
transmission schemes.

Scheme RM RA

Diversity 6MN, M[2N,(N; 42) — 1]

Spatial Modulation 2M Ny (N + 2) MN[2(N; + Ny) + 1]

Multiplexing MNt[2N,. (2N +1)] | MNt[2N, (2N, +1) — 1]
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FIGURE 4. The ML decoder RM as a function of the number of Tx and Rx antennas
considering different modulation orders, M, for the (a) diversity, (b) spatial
modulation, and (c) multiplexing transmission schemes.
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information by querying an oracle.! In the context of
minimum element finding and sorting algorithms, query
complexity is quantified by the number of comparison
operations performed.

The remainder of this subsection is dedicated to deriving
and presenting the complexity expressions (i.e., RM, RA,
and Q) for the two decoders (i.e., ML and FCSD) under
the considered three transmission schemes (i.e., diversity,
spatial modulation, and multiplexing). The computational
complexity for the ML decoder and FCSD will be derived
from (4) and (7)—(11), respectively. For brevity, only the
RM will be shown in the figures, while the expressions for
both are presented.

T An oracle is a black-box operation that encapsulates a specific function
that maps inputs to outputs in a desired manner without worrying about
the implementation details [31].

For the ML decoder, evaluation of (4) for each possibility
x € P entails a computational complexity that depends on
the utilized transmission scheme. In the diversity scheme,
x can be factored out as can be noted from (3), which
results in a relatively low computational complexity of
RM = 6N, and RA = 2N,(N; + 2) — 1. For the spatial
modulation scheme, with x having a single non-zero element,
the necessary calculations are also simplified, which give
RM = 2(N,+2) and RA = 2(N;+N,)+ 1. The multiplexing
scheme has the highest computational complexity as the
transmitted symbols are independent, resulting in RM =
2N,(2N;+1) and RA = 2N,(2N;+ 1) — 1. Each transmission
possibility has an associated fixed computational complexity,
so each expression is multiplied by the corresponding
value for |P| from (3). The computational complexity
expressions of the ML decoder for all the communication
schemes are summarized in Table 1. On the other hand, the
query complexity is given by (3), which is the number of
possibilities from which to determine the minimum.

The RM as a function of the antenna count is shown in
Fig. 4. N, does not significantly increase the computational
complexity in all cases. In contrast, the computational
complexity of the multiplexing scheme scales exponentially
with N;. On the other hand, the RM for the diversity scheme
is entirely unaffected, as noted in Table 1. It is evident that
the computational complexity of the multiplexing scheme
becomes excessive for high modulation orders and a large
number of antennas.

In the FCSD algorithm, the computational complexity of
the diversity and spatial modulation schemes are obtained
using the ML decoder expression by replacing N, and
|P| with R and C, respectively. Except for the single-
stage RB algorithm, the two-stage searching strategy can
be thought of as two independent ML solutions, with the
total computational complexity being their sum. In the
multiplexing scheme, the first tree level has M nodes, which
require 4M RM and RA. For the remaining N; — 2 levels,
each node in the n'" level entails 4nK and 2(n+ 1)K RM and
RA, respectively. The computational complexity expressions
of the FCSD algorithm are shown in Table 2, where K < M 2
is assumed for the multiplexing scheme tree.

Fig. 5 and Fig. 6 show the RM of the tree search methods
utilized in the diversity and spatial modulation schemes.
Increasing the number of tree levels (branches) through
the parameter R (C) results in a higher computational
complexity. Fig. 7 shows the RM for the KB multiplexing
tree algorithm. Increasing M and K results in a constant
factor increase in RM, while a higher N; leads to a much
greater RM. Compared to Fig. 4, the FCSD algorithms
significantly reduce the computational complexity.

The query complexity of FCSD has two stages: 1) tree
expansion and 2) minimum node determination. In the
first stage, the nodes with the least error are determined,
which requires a sorting algorithm. In the second step,
the optimal node is chosen with the query complexity
being C for the CB, CRB, and RCB algorithms that are



TABLE 2. Computational complexity of the FCSD algorithm.

Scheme Algorithm RM RA
RB 6MR M[2R(Nt +2) — 1]
CB 6(M + CNy) M[2(Nt +2) — 1] + C[2N- (Nt + 2) — 1]
Diversity
CRB 6(M + CR) M[2(N¢ +2) — 1] + C2R(Nt + 2) — 1]
RCB 6(MR+ CN,) M[2R(N¢ +2) — 1]+ C[2N, (Nt + 2) — 1]
RB 2M Nt (R + 2) MN:[2(Nt + R) + 1]
CB 2N¢[3M + C(Ny + 2)] N¢{M[2N¢ + 3] + C[2(N¢ + N») + 1]}
Spatial Modulation
CRB 2N¢[3M + C(R + 2)] N¢{M[2N¢ + 3] + C[2(N¢ + R) + 1]}
RCB 2N(M(R+2) + C(Nr+2)] | Ne{M[2(Nt + R) + 1] + C[2(Nt + Ny) + 1]}
Multiplexing KB aM (1 + KN n) 2M [2 FEY N (0 1)]
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FIGURE 5. The RM dependence on the (a) RB and (b) CB tree search algorithms
parameters with N; = N, = 10.

associated with the diversity and spatial modulation schemes.
For the RB method, the query complexity for determining
the minimum node at the end is identical to the ML
decoder case. Tree expansion is performed only once for
diversity and spatial modulation trees. In contrast, N; — 1
tree expansions are required for the multiplexing tree. For N
nodes, the best sorting algorithms (both classical and quan-
tum) require O(Nlog,(N)) compare-and-swap operations
[32], [33], which are counted towards the query complexity
[30]. However, full sorting is not necessary; partial sorting
is sufficient for the FCSD algorithms. In general, to find
the smallest k elements, the most efficient classical partial
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FIGURE 6. The RM considering M = N; = N, = 16 for the (a) diversity and (b) spatial
modulation schemes with the CRB and RCB algorithms.

R
18 66 114 162 210
C

18 66 114 162 210

CRB
C

(b)

K
15 65 115 165 215

6 31 56 81 106

6 31 56 81 106
Ny Ny

FIGURE 7. The RM as a function of the number of Tx antennas and parameter K,
considering different modulation orders for the KB algorithm.

sorting algorithm has a query complexity of O(N log,(k))
[34]. Thus, the total query complexity of each method for
the FCSD algorithm is



FIGURE 8. Outcome uncertainty for a (a) superposition and (b) entangled states.

Pl -1 RB,
O(IPllog,(C)) + C—1 CB/CRB/RCB,
Q = {O(KMlog,(K)) (12)
x (N — |logy (K) | — 1)
+KM — 1 KB,

where K > M is assumed. When K < M, an extra factor of
O(Mlog,(K)) is added to the KB method query complexity
expression.

IV. QUANTUM COMPUTING

Having highlighted the complexity cost of the considered
communication schemes and decoders, there is a desire to
reduce these costs. Quantum computing, with its new realm
of information processing, offers a potential solution by
reducing query complexity. This section covers the basic
principles of quantum computing, including an intuition
for the quantum advantage, mathematical formalism, and
computational problems that can be accelerated.

INTRODUCTORY PRINCIPLES

Classical computers operate using bits, representing 0 or
1. While powerful, it faces challenges for specific com-
putational problems [35]. In addition, classical computing,
driven by Moore’s Law, faces a bottleneck as chips approach
the atomic scale, encountering disruptive quantum phenom-
ena [36]. A quantum bit (qubit) is the fundamental unit
of quantum information, capable of existing in multiple
states simultaneously, known as superposition [37]. Another
unique property is entanglement, which allows qubits to be
correlated in ways not possible in classical computers [38].
Fig. 8 illustrates the uncertainty associated with the two
quantum phenomena. In the bra—ket (also known as Dirac)
notation, a qubit in a superposition state of both logical bits
is represented by

V) =al0)+B11), (13)
where «, 8 € C and the utilized computational basis is
o=[ o, m=[ 1] (14)

The magnitude of the complex number represents the
qubit’s probability of being in some logical state. Thus, the
normalization condition || + |B]|*> = 1 holds.

Geometrically, a qubit can be depicted using the Bloch
sphere shown in Fig. 9 by re-expressing (13) in terms of the
polar, 6, and azimuthal, ¢, angles as

FIGURE 9. Bloch sphere representation for a qubit in a superposition state.
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FIGURE 10. Probing of the possibilities for different computing paradigms [24].

TABLE 3. Time and resource efficiencies for the computing paradigms.

Time Efficiency | Resource Efficiency

Serial Computing Low High
Parallel Computing High Low
Quantum Computing High High

[vr) =cos<€> 0y + '® sin(g) 1), (15)

2 2
where 0 < 6 < 7 and 0 < ¢ < 2m. The advantage
of quantum computing stems from the fact that qubits
enable quantum parallelism, which allows for simultane-
ous probing of possibilities [13]. Fig. 10 illustrates the
intuition behind the quantum advantage compared to other
paradigms of computing, with the efficiency comparison
shown in Table 3. In serial computing, a single computing
unit sequentially explores possibilities. While this method
is resource-efficient, it is relatively time-consuming. In
contrast, parallel computing simultaneously explores possi-
bilities using multiple computing units, significantly reducing
the required time. Both advantages can be realized with
a quantum computer, where a single unit can explore
all possibilities simultaneously. It is important to note
that quantum algorithms offer significant speedup only
for some computational problems [39], some of which
are tabulated in Table 4 along with the associated com-
plexity [13]. Unlike the database search problem, which
reduces the query complexity, the quantum advantage in
problems like the integer factorization and Fourier trans-
form lies in the significant reduction of computational
complexity.



TABLE 4. Complexity comparison of quantum and best classical algorithms for
various computational problems.

Problem Classical Complexity | Quantum Complexity
N-size O (N) 0 (\/N)
Database Search Brute Force Grover’s
n-bit 20(n'?) 0 (n?)
Integer Factorization Number Field Sieve Shor’s

N-size

O (Nlogy N O((logy N
Fourier Transform (Nlog, N) (toga N))

V. QUANTUM ALGORITHMS

Quantum computing can be leveraged to enhance the
capability of searching in an unsorted database, which has
many applications in wireless communication [17]. The
optimal algorithm to find a particular element, oy, in a
sorted database of size N is the classical binary search
algorithm with a query complexity of O(log,(N)) [40].
However, for an unsorted database, the classical exhaustive
search, also called brute-force (BF) search, with a query
complexity of O(N) has to be used. The worst-case scenario
for the BF search implies that the desired element was
found after N inspections. Although having the advantage
of reducing the query complexity, quantum algorithms have
a non-zero probability of failing [41], which has to be
taken into considerations. The following subsections will
detail the working principle and performance of the quantum
algorithms that are relevant for the employed wireless
decoders.

A. GROVER’S ALGORITHM

For an unsorted database, Grover’s algorithm is capable of
finding the index of a desired element, g, with a query
complexity of only O(+/N) [41]. Compared to the classical
BF search, a square root improvement is achieved. To
implement the Grover’s QSA, the database size, N, and the
number of existing solutions, S, that are equal to oy must be
known. The quantum circuit for Grover’s QSA is shown in
Fig. 11(a), where n qubits are initialized to the computational
basis state |0). The n = [log,(N)] qubits represent a register
for holding the n-bits index of each element in the database.
An n-qubits Hadamard transform is utilized to create a state
with equal superposition as follows

I
0 L5 ST =y
3

Then, an operation known as the Grover operatot/iteration,
G, is repeatedly applied, with the number of applications
being L = O(/N/S). Thus, the existence of multiple
solutions reduces the query complexity by a factor of 4/1/S.
It turns out that the optimal number of Grover iterations

1 clféjﬁtictgd %82151%\/11},(6%4 Wi t}Teh eprgrogge p ey &
follows [13]:

(16)

Algorithm 1: Grover’s QSA

1 Set the number of qubits n < [log,(N)|;
2 Initialize the n- qubits register to an equal superposition

state ) = —= ZX o 1)
3 fori=1to LO25nWJ do
4 Apply the oracle, O;
5 Apply Grover’s diffusion operator,
G=2[y) (Y| -1
6 end
7 Measure the n-qubits register;

1) A quantum oracle, O, shifts the phase of the input state
corresponding to the sought-after database element, oy.

2) An n-qubits Hadamard transform, H®" s applied.

3) A phase shift of —1 is applied to all of the states
except for |0), which is expressed as

1 x=0
xX) = (=D 80 = T7
lx) = (=1 Ix),  &x0 {Ox;éo,()
with its unitary operator representation being
Ups = 210)®" (0|®" — [®", (18)
4) A second H®" is applied.
Thus, the Grover operator can be expressed as
G = H®"(2|0)®" (0|®" — I®")H®"O
= (2H®"10)®" (0|*" H®" — H®"I®"H®")O
= (21¥) (¥ — H®"H®")O
= (21¥) (v —1*")0. (19)

The pseudocode of Grover’s algorithm is shown in
Algorithm 1. To elucidate the effect of Grover’s iteration,
define the non-solution and solution states, respectively, as

DL

xeSol

1
= NS %l |x) (20)

which are used to re-express the initial superposition state

N-S§
W) =y—x l@+yx Iﬂ = cos(0) |ar) + sin(0) |B) ,
21

where @ = sin~!(\/S/N) is the initial angle. The action of G
in (19) can be demonstrated by considering the plane formed
by defining |«) and |B) to be the axes, as Fig. 11(c) shows.
First, O performs a reflection about |«). Then, 2 |¢¥) (Y| —
I®") performs a reflection about |). Thus, G effectively
rotates the starting vector, |¢), towards |B). With each
application of the Grover iteration subroutine, the amplitude
of the states with an index corresponding to the desired
aq values increases, while the amplitude of other states
decreases. After Loy iterations of G, the measured state
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FIGURE 11. Quantum circuits for (a) Grover’s algorithm, (b) the iteration G, and (c) the rotational effect of G.
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FIGURE 12. Grover’s algorithm probability of success as a function N and L.

will return an index corresponding to oy with near-absolute
certainty. After L iterations, the resulting system state is [42]

G" |¢) = cos[2L + 1)6] |a) + sin[(2L + 1)0]|B) . (22)

The probability of success, Py, is given by plugging the initial
angle, 6, and the optimal number of Grover iterations, Lopt,
into (22) and taking the complex magnitude of the second
term

=] oz [T 1) (5]

Fig. 12 shows the success probability dependence on N and
L. Indicatively, the expression for Loy traces the trajectory
of most likely success.

B. BOYER-BRASSARD-HOYER-TAPP (BBHT)
ALGORITHM

When only the desired element value, o4, is known,
but not its multiplicity, S, in an unsorted database, the
BBHT QSA can be utilized [42]. Having less constraints
while achieving the same end goal as that of Grover’s
QSA comes with added query complexity cost, which
turns out to be no more than 4.5/N [43]. Thus, for a

Algorithm 2: BBHT QSA

1 Initialize X € (1,4/3), m < 1, and Ly < O;

2 Randomly choose L € {0, 1, ..., [m]};

3 Apply Algorithm 1 with L iterations of G, which
outputs o,;

4 Update Lo <— Lot + L;

5 if o, = ag or Lot > {4.5\/ﬁ—‘ then

6 | Return ap;
7 else

Update m < min (Am, \/ﬁ),
Go back to Line 2;

10 end

single existing solution, the complexity for both Grover’s
and BBHT QSAs is O(V/N). Algorithm 2 describes the
working principle of the BBHT QSA, involving multiple
iterations of Grover’s algorithm with additional classical
steps.

C. DURR-HOYER (DH) ALGORITHM

In the case where the desired element value, ¢4, is unknown,
the BBHT QSA cannot be used. When the desired element
is the minimum value from the N-sized database, the DH
QSA can be utilized [43], which is described in Algorithm 3.
Similar to Grover’s and BBHT QSAs, its query complexity
is in the order of O(\/N). Initially, the DH QSA picks a
random element, i, from the database with value «;. Then,
it utilizes the BBHT QSA to find an element with a lower
value. Then, the BBHT QSA is invoked again with the newly
obtained lower value. As it turns out, the maximum number
of Grover iterations is exactly five times that of the BBHT
QSA [43].



Algorithm 3: DH QSA

Initialize Ly <« O;

2 Randomly choose an index i € {0, 1,...,N — 1};

3 Apply Algorithm 2 with the oracle marking all the
indices, J, for which «; < a;, Vj € J, which entails
Lgpur iterations of G and outputs o, = «;, j € J;

4 Update Lot <= Lot + LBBHT;

s if ay > aj or Ly > [22.5\@] then

6 ‘ Return o;;

7 else

8 Update o; < ay;

9 Go back to Line 3;
10 end

TABLE 5. Constraints and query complexity of the discussed QSAs.

QSA ag S Q
Grover’s Known Known L0‘257r \/WJ
BBHT Known Unknown [4. 5V N —‘
DH Unknown | Unknown (2 2.5V N ]

Grover's

BBHT
DH

FIGURE 13. lllustration of the relation between the discussed QSAs.

D. QSA ASSESSMENT
The conditions for utilizing a QSA and the required number
of Grover iterations are summarized in Table 5. Grover’s
algorithm lays at the heart of the BBHT and DH QSAs, while
the remaining subroutines are purely classical as Fig. 13
depicts. Due to their probabilistic nature, the performance
of the BBHT and DH QSAs is obtained by averaging many
runs of the algorithm. The query complexity of each QSA
and the linear classical BF search are shown in Fig. 14.
The classical BF follows a perfect linear dependence, as
already known. Grover’s algorithm is always advantageous
compared to all the remaining search methods. BBHT and
DH start saving in query complexity over classical BF when
the search space is greater than 23 and 509, respectively.
Similarly, Fig. 15 shows the failure probability, Py, as a
function of the search space size. Aside from the local ripples
observed in the Grover’s algorithm, the failure probability
monotonically decreases as the search space increases, which
aligns with the analytical analysis presented in [42]. On
the other hand, the BBHT and DH QSAs start with a
relatively high failure probability, which shortly reaches
a minimum and then increases again until saturating at
around 10~* probability of failure. For BBHT and DH, two
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FIGURE 14. The query complexity as a function of N for each search algorithm.
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FIGURE 15. The failure probability, P;, dependence on N. Solid lines represent the
actual obtained performance, while the dashed curves are obtained using a moving
average filter.

competing factors influence the probability of failure. At low
N, the Grover’s algorithm exhibits a high failure probability,
as previously discussed. At high N, despite the Grover’s
algorithm having a low failure probability, its increased usage
reduces the chance of successive successes. Therefore, a
mid-range N represents the optimal trade-off between these
extremes.

E. QUANTUM SORTING ALGORITHM

The daunting task of database sorting has been subject to
much research [44]. For a given N, there are N! possible
orderings for its elements. The best-performing algorithms
entail a query complexity of O(Nlog,(N)) [32], where the
exact value depends on the utilized algorithm and nature
of the data. Fundamental to many sorting algorithms is
the compare-and-swap operation [45]. For an error-free
comparison-based quantum sorting algorithm, the theoretical
lower bound on its query complexity is [33]

N
N 1

N)=— — — 1] &~ 0.11Nlog,(N), 24
Qqs(N) zn(;i ) o (V). (24)
which is a constant factor better than state-of-the-art clas-
sical sorting algorithms. Thus, unlike the minimum-finding
problem, quantum computers are not significantly better than

classical ones for the sorting problem.

VI. QUANTUM-ASSISTED DECODERS: ANALYSIS AND
ASSESSMENT

Having covered the relevant quantum algorithms, this sec-
tion investigates their impact on the query complexity
and performance of the decoders discussed in Section III.
Specifically, the effects on different transmission schemes



(i.e., diversity, spatial modulation, and multiplexing) are
examined. The objective is to determine the extent to
which these decoders can leverage quantum algorithms to
improve performance under various system parameters and
transmission schemes. To achieve this, mathematical analysis
and Monte Carlo simulations are performed.

A. PROBABILITY OF ERROR ANALYSIS

In conventional decoders, signal decoding is performed by
computing the likelihood of various transmission scenarios
and selecting the one that minimizes the error function.
The success of the latter step, which involves finding the
global minimum error among a large set of real-valued error
values, is ensured in classical signal decoding. In contrast,
while the DH QSA generally reduces the necessary query
complexity, it introduces a slight risk of failing to identify
the global minimum solution. The signal is correctly decoded
when the global minimum error computed by the decoder
corresponds to the true signal and is successfully obtained
by the DH QSA. However, even if the global minimum
error does not correspond to the true signal, there remains a
non-zero probability that the DH QSA might coincidentally
choose the correct solution if it fails (e.g., second minimum).
Considering these two scenarios, the probability of correctly
classifying the symbol using the DH QSA is given by

¢ pd
Pi=(1-pP)(1-P)+ PePf
IS| —

where P¢ is the classical decoder symbol error rate (SER),
P]‘f is the DH QSA failure probability, and |S] is the search
space size, which depends on the utilized decoding algorithm
as

(25)

IP|  RB/ML,
IS|={C  CB/CRB/RCB, (26)
MK KB,

where |P| is given by (3). The first term in (25) represents
the scenario where both the classical decoder and DH
QSA succeed. Conversely, the second term accounts for the
situation when both fail, yet there remains a small probability
that the correct symbol is coincidentally chosen by the DH
QSA. Utilizing (25), the SER of a quantum-assisted decoder
is derived as follows

1
Pi=1-Pl=P+Pf— PcPd<1+|S| 1)

S
= P + Pla, a—l—P”|S|| | el—1,1], 27
where o = —1 occurs in the extreme case when P{ = 1 and
|S| = 2, resulting in P{ =1 —Pd Conversely, P = 0 results
in @ = —1, leading to P{ = Pd This indicates that when

the total signal-to-noise ratio (SNR)2 is high, P$ diminishes

2The total SNR considers the total signal power before being divided
among the Tx antennas. Its relation to the SNR per channel, SNRc, is

SNR¢ = SNR — 101logy(Ny).
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FIGURE 16. Effect of varying the modulation order, M, and Tx antennas, N;, on the
query complexity for the (a) diversity, (b) spatial modulation, and (c) multiplexing
systems.

and thus Pd dominates in (27), resulting in an SER floor
that is appr0x1mated by

SERpin ~ P{. (28)

Moreover, when assuming a Gray coding in the high-SNR
regime, the approximate bit error rate (BER) floor is [46]

SERmin
log, (M)
In practical communication systems, a maximum value for
the uncoded BER is tolerated, which is the predefined
BER threshold, BER;. The BER; reflects the desired data

transmission quality, so the DH QSA can be used as long
as BERpi, < BER; is satisfied in the high-SNR regime.

BERpin ~ (29)

B. QUANTUM-ASSISTED ML

Utilizing the DH QSA to search for the minimum among
all the computed possibilities of (4) significantly alters the
original BF query complexity. This change is illustrated in
Fig. 16, which shows the query complexity for the various
transmission schemes as a function of the number of Tx
antennas and modulation order. As analyzed in Section V,
a search space that is too small (< 509) actually leads to
worse query complexity for the DH QSA. This is particularly
evident when M < 4. Conversely, the DH QSA is more
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FIGURE 18. ML decoder BER vs. SNR performance with N; = N, = 4 for (a) M =4
and (b) M = 16.

advantageous when M is larger. For the diversity scheme,
when M = 512, classical BF and quantum DH result in
almost the same query complexity, since the search space
is close to the 509 threshold. However, for the spatial
modulation scheme, a reduction in query complexity is
achieved when N; > 2. A substantial reduction in the query
complexity is observed for the multiplexing scheme, as its
search space scales exponentially with N;.

The performance of the quantum-assisted ML decoder
depends on the system’s search space size. The relation
between the transmission parameters and failure probability
is shown in Fig. 17. The quantum algorithm success prob-
ability is relatively low when the search space is too small,
as is the case for M < 8 in the diversity scheme. Similarly,
a search space that is too big, such as the multiplexing case
for M = 16 and N; = 4, will have a low probability of
success. The considered range of M and N; results in the
spatial modulation scheme being the most compatible with
the DH QSA since its search space scales as MN;, which
tends to be in the middle sweet spot of Fig. 15.

TABLE 6. The query complexity of the FCSD algorithms where the scheme
parameters are C = 48 for the diversity, C = 1,536 for the spatial modulation, and
K = 128 for the multiplexing.

Scheme Algorithm Classical Q | Quantum Q | % Reduction

RB 64 180 —181.3%
Diversity

CB/CRB/RCB 406 194 52.2%

RB 2,048 1,019 50.2%
Spatial
Modulation |~/ -pp/RCB 23,215 3,367 85.5%
Multiplexing KB 1,728,512 337,955 80.5%
To obtain the SER of the quantum-assisted ML

decoder, (27) is utilized after computing P}l and |S]| for the
specific system parameters. The BER dependence on the total
SNR is plotted in Fig. 18. For M = 4, the diversity scheme
exhibits a higher BERj, due to the extremely small search
space. Conversely, for M = 16, the multiplexing scheme has
a high BERyi, because of the extremely large search space.
On the other hand, the quantum-assisted spatial modulation
system demonstrates a more robust BER i, performance for
both modulation orders. The usability of quantum-assisted
decoders depends on the required performance. For instance,
a realistic threshold for the uncoded BER in wireless
communication is BER, = 10~* [47]. This threshold is met
by all the scenarios shown in Fig. 18, except for the diversity
scheme with M = 4.

C. QUANTUM-ASSISTED FCSD
A practical alternative to the high computational complexity
ML decoder is the FCSD algorithm. The two stages of
the FCSD algorithm, which involve sorting and determining
the minimum element, can be augmented with quantum
algorithms to reduce the query complexity. Considering the
system parameters M = 64 and N; = N, = 32 for the three
transmission schemes (i.e., diversity, spatial modulation, and
multiplexing), Table 6 compares the classical and quantum
query complexities for all the tree algorithms. The tree
parameters are C = 48 and C = 1,536 for the diversity and
spatial modulation schemes, respectively, corresponding to
expanding three-fourths of the branches. For the multiplexing
scheme, K = 128 is chosen. The percent reduction is defined
as
Classical @ — Quantum Q

Classical Q

Aside from the diversity scheme with the RB algorithm,
utilizing the DH QSA and theoretical quantum sort signifi-
cantly reduces query complexity, especially for the two-stage
(i.e., CB, CRB, and RCB) and KB algorithms in the
spatial modulation and multiplexing schemes, respectively.
Consistent with previous findings, the RB algorithm with
the diversity scheme, which does not require a sorting
algorithm, generally results in a higher query complexity for
the quantum-augmented decoder.

% Reduction =

x 100. (30)
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FIGURE 19. RB and CB algorithms BER vs. SNR performance with M = 64 and
N; = N, = 32 for the (a) diversity and (b) spatial modulation schemes.

The BER dependence on the SNR for the RB and CB
algorithms is shown in Fig. 19. Opting for an extremely
minimal decoder (e.g., R = 1 or C = 2) adversely affects
the BER, which conceals the suboptimal performance of the
DH QSA when the search space is very small (e.g., C =
2). For
saturation due to the DH QSA is evident in the high-SNR
regime. For the RB and ML decoders, the search space
is constant, which is 64 and 2,048 for the diversity and
spatial modulation schemes, respectively. Noting Fig. 15, the
expected saturation levels for the RB and ML decoders are
comparable, which agrees with Fig. 19, where the diversity
scheme has a slightly better performance due to the chosen
modulation order. Fig. 20 shows a similar behavior for
the CRB and RCB methods, where the quantum-assisted
decoders saturate at around BER = 1073,

For the multiplexing scheme, Fig. 21 shows the BER
performance of the KB algorithm. The ML decoder has the
highest BER floor due to its larger search space. For the same
reason, higher values of K result in an earlier performance
saturation. However, when K becomes too small, as is the
case when K = 1, the performance is again suboptimal. The
best performance is obtained when K = 32, corresponding to
a search space of size 512. Thus, the KB method is capable
of outperforming the ML decoder in the high-SNR regime
while saving in both computational and query complexities.

Considering the system parameters 4 < M < 1,024 and
1 < N, < 3 for BER, = 1.6 x 107>, some deductions
can be made about the efficiency of quantum algorithms
with the ML and RB decoders. For the diversity scheme,
quantum algorithms are inefficient due to the limited search

C = 32 and C = 48 in Fig. 19, the performance
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FIGURE 20. BER vs. SNR of the CRB and RCB algorithms with M = 64 and
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space, leading to increased query complexity for most
cases (M < 256). In contrast, spatial modulation and
multiplexing schemes show significant query complexity
reduction across a broader range of system complexities.
From (29), maintaining BER,j; < BER, depends on P}? and
M, where the former has a direct relation to N which is
captured by Fig. 15. For the diversity and spatial modulation
schemes, BER;in < BER; is satisfied when M > 32 and
MN; > 24, respectively. On the other hand, the threshold
BER is satisfied for the multiplexing scheme when 32 <
MM < 1,024 or MM > 1,048,576. These findings are
illustrated in Fig. 22, where the spatial modulation scheme
is shown to be the most applicable considering both Q and
BER. In a practical communication scenario with known
requirements and fixed system parameters, the decision on
whether to use quantum computing for signal decoding is
guided by Fig. 22. If different parameters are of interest, the
corresponding performance is analyzed in a similar manner.
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VIl. CONCLUSION

This paper assessed the applicability of quantum algorithms
in solving the decoding problem in wireless communication.
The DH and optimal sorting quantum algorithms were
applied to various operational scenarios for MIMO system
decoding. These quantum algorithms can reduce the number
of required queries for decoding compared to classical
methods. The non-ideal performance of the DH QSA and its
dependence on the search space size were analyzed, which
translated into its applicability to the considered MIMO
systems. It was found that the quantum algorithms are
unsuitable for the diversity scheme due to the small search
space, which lowers the performance of the DH QSA with
little or no reduction in the query complexity. On the other
hand, assuming a non-minimal FCSD implementation, the
quantum algorithms are generally applicable to both decoders
in the spatial modulation and multiplexing schemes. Higher
query complexity savings are obtained for the ML decoder in
these cases. Overall, the usability of quantum algorithms will
depend on the specific requirements of the utilized system
(e.g., BER;) and the chosen parameters (e.g., M and N;).
Considering other communication systems in future work
would be beneficial in further exploring the applicability of
quantum computing in signal decoding. This study paves the
way for an appropriate methodology to follow when quantum
algorithms are considered for use in wireless communication
system decoding.
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